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o 

^vj , Abstract. Arnlind, Hoppc and Huisken showed in [1] how to express the 

Gauss and mean curvature of a surface embedded in a Riemannian manifold 
in terms of Poisson brackets of the embedding coordinates. We generalize these 
expressions to the pseudo-Riemannian setting and derive explicit formulas for 
the case of surfaces embedded in K™ with indefinite metric. 
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1. Introduction 



(~| . Motivated by certain equations of Membrane Theory, Arnlind, Hoppe and Huisken 



found a way to express geometric quantities of a surface S embedded in a Rie- 
mannian manifold in a purely algebraic way [1]: They showed using the canonical 
Poisson bracket on C°°(S) that the Gauss curvature of a surface embedded in the 
euclidean M™ via the coordinates a;^, . . . , cc™ is given by 
^^ ■ 1 

>: ^^' 8fm-3)! ^ 6,.^L6.™L{x^{x^x'}}{x^{x^x"}}, (i.i) 

g ; ^"' '' Le{i m}™-3 

t~^ ■ thereby also providing a starting point to generalize the notion of curvature to 

^^ I certain non-commutative spaces, e. g. matrix models that relate the Poisson bracket 

f~^ ■ to the commutator of matrices. 

^^ I The crucial point in the derivation of 1.1 turns out to be the explicit construc- 

tion of normal vectors to S in terms of Poisson brackets of the embedding coordi- 
nates. In section 3, we will perform this construction for surfaces E embedded in a 
pseudo-Riemannian manifold. In theorem 3.7, we will then derive a generalization 

k>( , of equation 1.1 to the pseudo-Riemannian setting. 

H 

d ' 2. Preliminaries 

We use the following notation (cf. [1], [3]): Let M be an ?Ti-dimensional pseudo- 
Riemannian manifold and E C M a 2-dimensional orientable pseudo-Riemannian 
submanifold with codimension p = m — 2. The metric tensors of M and S are 
denoted by g and g, the Levi-Civita connections by V and V, the curvature ten- 
sors by R and R (with the convention RxyZ ~ V^x.y]^ ^ [Vjc, Vy]Z). Indices 
a, 6, c, d, p, q run from 1 to 2, indices i,j,k,l,r,s,t,v,w from 1 to tti and A, B from 
1 to p. x^ and u" are local coordinates of M and E, the Christoffel symbols are 
rj^ and r^j, respectively. The metric of M in the coordinates x* is given by the 
matrix {gij), the metric of E in the coordinates u° is given by [gab] = gi£a,eb), 
Ga = (daX^)di being an oriented basis of the tangent space TE. The inverses of 
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these matrices are denoted by (g*^) and (g°^). We write g = det{gab)- Further- 
more, let Na = N'^J^dm be a smooth local orthonormal frame of the normal bundle 
TE-L C TAf, that is, g{NA,NB) = Sabcta with cr^ = ±1. Finally, let e"'' be the 
totally antisymmetric tensor of rank 2. 

X(M) denotes the space of vector fields on M, il^{AI) the space of 1-forms, 11{M) 
the space of tensor fields on M of type (r, s). The space of smooth maps Z: S — > 
TM with TTTM^M o Z = idy. is denoted by X(S). f^i(I]) and T^(i;) are defined 
analogeously. For p G S we have the orthogonal projections taup : TpM — > TpYi and 
norp = 1 — taup : TpM — > TpS^. 

For X, y G X(S), the Gauss and Weingarten equations 

VxY ^VxY + II{X,Y) (2.1) 

Vjf iV^ = ~Wa{X) + i^xiVA (2.2) 

hold with Wa{X) = -tanV^A^A and DxNa = norV^^A- The orthonormal 
decomposition of the shape tensor // is 

p p 

II (X, Y)^J2 '^AgilliX, Y),Na)Na = J2 ""AhAiX, Y)Na (2.3) 

A=l A=\ 

with 

hA{X, Y) = -g{II{X, y), TVa) = -.g(X, ^yXa). 
Setting hA^ah = ^A(ea,eb), we have 

hA,ab = hA,ba (2.4) 

iWA)b = 5°'M^A,6c = g'^'gieb, WaCc) = 5"'/iA,bc = g'''hA,cb- (2.5) 

Using (2.3), we can write the Gauss curvature of S as 

K ^- [g{R{ei, 62)61, 62) + g(//(ei, ei),//(e2, 62)) - g(//(ei, e2),//(ei, 62))] 
5 

= - I g{R{eu 62)61, 62) + V fJA det (/lA.ah) ) • (2.6) 

The mean curvature vector is given by 

H = lg^''II{6a, e,) = IJ2 ''A{WA)''aNA = ^f^ ^^(tr W^A)iVA. (2.7) 

■" A=l A=l 

2.1. The Poisson algebra C°°(S). We have the following standard construction: 
Let u! ^ p dui Adu2 be a symplectic form on S. There is a unique map X : C°° (E) — s- 

X(S), / h-> X/, with uj{Xf,Y) = d/(y) for all Y G X(I]). Then 

{f,g} ■.= u{Xf,Xg) = ie-''(a,/)(965) (2.8) 

is a Poisson bracket on C°°(E). 

We continue by recalling some of the results obtained in [1] which arc still valid 
in the pseudo-Riemannian setting. Define the functions 

V'^^{x\x^] (2.9) 

SJ ^ -6-\dax'){\I,NAy = {x\N^a} + {x\x'^}fiiN\. (2.10) 
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They are components of To(S) tensors because by lowering the second index we 
obtain maps P, Sa G End(X(I])), 

V{X) = V^'^Ok^X^d, = ~-g{X,ea)e'''eb 
SAiX) = S'^gkjX^d^ = --giX,VaNA)e''''eb. 
Proposition 3.4 in [1] states that 

trT'^ = -2-^ (2.11) 

P 

tiSl^ ^det {hA,ab)- (2.12) 

P 

Defining Ba & End(X(E)) to be the composition Ba ~ VSa, one can check (cf. 
proposition 3.3 in [1]) that for X E X(E), 

Ba(X) = -^g{X, VaNA)g^''eb. (2.13) 

P^ 

In particular, for Y e X(I]), 23^(1") == ^VKa(F). Consequently, ItBa = jitrWA- 



The equations (2.6) and (2.7) now yield the formulas 



1 - o'^ '' 

K = -.g(i?(ei, 62)61, 62) - ^ V tJA tr 51 (2.14) 



2 P 



H=f^Y.''A{trBA)NA. (2.15) 



25^=1 



(Note the occurrence of the signs a a in the pseudo-Riemannian setting as opposed 
to the Riemannian setting.) In the case M = R^ with metric gij ~ Sijgj, gi ~ 
■ ■ ■ — gu — —1, gu+i ~ ■ ■ ■ ~ cjm = 1, these formulas become 

^ = -f E ^aM3{^\K}{^'^N\} (2.16) 

^ A=l 

^ = f- E <yAM3{^\^'}{^'.N\}N'Xdk. (2.17) 

■^ A=l 

3. Construction of normal vectors 

The formulas (2.16) and (2.17) can be written solely in terms of Poisson brackets 
provided that normal vectors can be expressed by Poisson brackets of the embedding 
coordinates x*. We now generalize the construction of normal vectors in [1] to the 
pseudo-Riemannian case. 

First, we introduce further notation; For multi-indices / = (ii, . . . ,ife) and ,/ = 

(ji, . . . , jfc) let f-^ := nti r^' , giJ ■■= nti 9^al and dx' := dx'^ (g, ■ ■ ■ ^ dx'" e 
n^{M)^---(g,n^{M) ^ T^(M). Since on n^{M) wc have the scalar product (to be 
understood as a scalar product at each point) g{r]idx^,u!jdx^) = rjitojcj'^^ , we obtain 
a scalar product on Tp_i(A/) (again, pointwisc), 

gi^{-qidx^ .ujjdx-^) = ijiujjg" . (3.1) 
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Now, proposition 4.2 in [1] states that for any multi- index J G {1, . . . , m\ 

Zj = — , ^ g'^£,fci/^^'9» eTS^, (3.2) 

2^\g\{p-ir ' 

where Cjku denotes the Levi-Civita tensor of M. 

By raising the p— 1 indices, we can also regard the tensor Z E 1p_i{J^) as a tensor 
of type ((p - 1) + 1, 0). Exphcitly, 

Z^ = f^ZK = -j=^==gkr9ine'''"'{x\x'}d,. (3.3) 

From now on, we use S :— indg — indg. ind being the index of the respective 
bihnear form. 

Lemma 3.1. ZJ^-Z^'J = (-1)'^ (g'^ + ^{V^T^ 

Proof. Use-P'J' = -V^\ equation (2.11) ande^^tKeJ™'-^ = {-iy'"^^p-l)l{Sl5^J^' + 
515-5^ + 815- 5f - SiS-Sr - Sid^X - 515-5^). U 

Define the tensor 

Z^-^ ^{-lfg{Z^,Z^). (3.4) 

By lowering the multi-index J, we can regard Z as an endomorphisni of Tp_]^(I]), 

ujiAx^ ^ Z'jUJidx-^. (3.5) 

Proposition 3.2. The map Z e End(Tp_i(S)) satisfies 

(1) Z2 = Z. 

(2) TiZ=p. 

(3) For j],uj e T^_i, gig,{ZT],uj) = g(s{v,Zuj). 

Proof. The first two equations follow from lemma 3.1 (cf. lemma 4.3 in [1]). To 
prove the third equation, we calculate 

g^iZr],Lu) = g^iZ'jijidx'^ ,LUKdx'') = (-\)Si^Kfg.jZ:,Z'^ 

= {-ifm^Kh,z'''z''J = {-lfmuJKg^,z''z''^ = • • • 

= g^(?7,Zw). D 

Proposition 3.3. Let {V,g) be a scalar product space. Let P: V ^ V be linear 
with P^ = P and g{Pv,w) = g{v,Pw) for all v,w G V. Then W ^ imP is a 
non-degenerate subspace of V . 

Proof This follows from v ^ Pv + {v - Pv) for v £ F, i. e. V ^W + W^. D 

We can now construct an orthonormal basis of TY,^. The main ingredient of the 
construction is the non-degeneracy of the image of Z. 

Proposition 3.4. (1) The vector space 'Xp_]^(S]) with the metric g^ has an 

orthonormal basis E^ = Ejdx^ of eigenvectors of Z E End('Jp_]^(S)). 
(2) Define the normal vectors N^ = Z"^ Ej. Then exactly p ^ dimTS-'- of the 
N^ are different from 0. The E^ can be chosen in such a way that the 
non-vanishing N^ are a smooth orthonormal frame of TY,^ . 

Proof. (1) follows immediately from propositions 3.2 and 3.3. 
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(2) Let /i^ be the eigenvalue of the eigenvector E^ of Z. Then 

= (-l)V.9®(i?',i?'') = ±/'5". 

As fi^ G {0, 1} and TrZ = p, exactly p of the fi^ are 1. The corresponding 
N^ span TS^. Since TS^ is non-degenerate, the other N'' G TE-'- vanish. 

D 

To obtain explicit formulas for the curvature of S, we need to slightly extend 
lemma 4.4 in [1], the proof essentially being the same: 

Lemma 3.5. For X £ X(I]), define S'^{X) = ^e''^{dax'){VbXy . Then for all 
N,N' gX-L(E) and f, he C°°(E), 

S}ifN)Si(hN')^fhS}{N)Si{N'). (3.6) 

// / ~ const, then (3.6) holds for arbitrary N G X(S]). 
We concentrate on the case Af = M™ with metric as above. Lemma 3.5 becomes 

for /, h, N, N' as above. As a computational device, we need 

Lemma 3.6. Let ei, . . . , e„ be a basis of the scalar product space {V, g), g = (gij) 
the matrix of g in this basis and g~^ — (g*-') its inverse. Let Vi ~ vjcj be an 
orthonormal basis of V , (t, ~ g{vi,Vi). Then 



^v^g{v,,v,)vl=g'' 



i=l 



Proof V,j := w], D := diag(crO => V^ gV ^ D. D'^ = 1 implies VDV'^ = g-^. D 

Theorem 3.7. The Gauss and mean curvature of a surface E embedded in M™ are 
given by 

„4 
^ ^ ~ S 21 _^^^_ '^Mr9nejklL<^irnL{x\{x'',X^}}{x\{x^,X^}} (3.7) 



L 

n4 



H = 



mp-i)-,^. 



TTJ X] 939k9lf^irnLf^k'klL{x\x^{x\{x'' , a;"}}{x'' , x' }(9fc' , (3.. 



where {•, •} denotes the Poisson bracket (2.8) on S. 

Proof. Let E^ ^ fi^ , N^ be as in proposition 3.4 and its proof, <j^ ;= g{N^,N^) = 
{—iyii^g^{E^,E^). Using equation (2.16) and lemma 3.5, 

K = -f^Y.(-^y^''9^(^'^^')^KEiM,W,Z'<^{x^,Z^^}. 

Since for /i^ = we have N^ = 0, the factor /i^ may be omitted. Lemma 3.6 implies 
Y.I ^kssiiE' ,E')E[ = gKL = SklSk, so we get with equation (3.3) 

K^i~iy+'^g.gA^\Zi}{x^,Z^^ 
8g^{p-iy. 
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Using g"""-^ = det{gij)^^€irnL, we obtain equation (3.7). Equation (3.8) is proved 
similarly. D 
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